Theoretical analyses of the polariton optical parametric oscillator (OPO) regime often rely on a mean field approach based on the complex Gross-Pitaevskii equations in a three-mode approximation, where only three momentum states, the signal, pump and idler, are assumed to be significantly occupied. This approximation, however, lacks a constraint to uniquely determine the signal and idler momenta. In contrast, multimode numerical simulations and experiments show a unique momentum structure for the OPO states. In this work we show that an estimate for the signal momentum chosen by the system can be found from a simple analysis of the pump-only configuration. We use this estimate to investigate how the chosen signal momentum depends on the properties of the drive.
I. INTRODUCTION
When exciton-polaritons in semiconductor microcavities are introduced by a coherent laser pump with energy ω p and momentum k p applied close to the inflection point of the lower polariton dispersion, pairs of pump polaritons can scatter to other states while conserving energy and momentum. This is known as the optical parametric oscillator (OPO) regime.
1-5 Above a threshold pump strength, the parametric scattering leads to two new largely occupied states, the signal and idler, with energies ω s , ω i and momenta k s , k i respectively, satisfying 2ω p = ω s + ω i and 2k p = k s + k i . [1] [2] [3] The large emission from the signal and idler modes can be of potential use in application to optical devices since the signal beam is both strong and directional. 1, 6 Coherently pumped polariton systems have also been used to explore many-body collective phenomena such as polariton superfluidity 7, 8 and non-equilibrium phase transitions.
9
Theoretical analyses of the OPO regime commonly use a convenient three-mode description, where the dominant signal, pump and idler modes are the only ones present in the mean field. 4, 5, 10, 11 This description, however, suffers from an important deficiency: there are not enough constraints to uniquely determine the signal and idler momenta. Instead, for most system parameters, there is a range of momenta k s and k i at which the system is unstable to the OPO phase. 10 However, in experiments and numerical simulations of the full problem, there is no restriction on the number of modes that can be occupied and the system chooses a unique momentum structure usually dominated by a single k s , k i pair.
12,13
Since the three-mode approximation is particularly convenient for investigating the OPO regime, 11, 14, 15 some means of determining which of the possible k s values the system chooses would be useful. Here we explore this open question by considering the instabilities of the below threshold description of the coherently pumped polariton system that includes only the pump mode. In particular, we find the momentum at which the pump mode is most unstable, i.e. which eigenstates have the largest positive imaginary part, and compare this with numerical solutions of the multimode problem, where the occupations show peaks at unique values of k s and k i .
We first use a simplified lower polariton model to determine the polariton OPO phase diagram finding regions of pump intensity and possible k s (i) where the pumponly solution is unstable towards the OPO regime and (ii) where the simple three-mode OPO description is stable to small fluctuations. The states which lie within region (i) but outside of region (ii), i.e. where both single and three-mode solutions are dynamically unstable, are characterised by more complicated momentum space structures not limited to three modes.
In order to explore the characteristic patterns adopted by the polariton system, we solve numerically the equivalent multimode problem in various regimes across the OPO region. It turns out that, despite the fact that the OPO state can have a very complex momentum distribution, in almost all cases the largest (after the pump) occupations come from two unique modes, which we identify as the signal and the idler states with associated momenta k s and k i . We then show that these can be estimated by finding the most unstable mode in the simple single-mode approximation. Finally, we consider a twocomponent exciton-photon model (which gives a more precise description of the polariton system), and show that similar conclusions hold. The exciton-photon model is then used to investigate how changing the pump momentum and energy (relative to the lower polariton dispersion) affects the resulting signal.
II. LOWER POLARITON MODEL: ONE MODE AND THREE-MODE DESCRIPTIONS
In this section, we present one-and three-mode approximations to the lower polariton field ψ describing two-dimensional (2D) microcavity-polaritons, whose dynamics are given by a momentum space complex GrossarXiv:1804.10129v1 [cond-mat.quant-gas] 26 Apr 2018
Pitaevskii equation (cGPE) (with = 1):
The lower polariton dispersion is ω lp (k) =
less units. ω x and ω c (k) are the exciton and cavity photon dispersion relations respectively, κ lp is the polariton decay rate and g k,k1,k2 = g X X k X k1+k2−k X k1 X k2 describes the momentum dependent polariton-polariton interactions with Hopfield coefficients X k , 11, 13, 15 with the exciton-exciton interaction g X . To facilitate the numerical integration of the polariton cGPE, we consider a simplified situation where the polariton-polariton interaction is treated as being constant. The mean field and linear response results are close to those obtained when the full momentum dependence is included and are therefore representative. 16 The external pump F p introduces polaritons at the pump energy ω p and momentum k p .
Here and in the following we use dimensionless units, measuring time, length, and energy in units of 2/Ω R , /(Ω R m c ) and Ω R /2 respectively, where Ω R is the Rabi frequency of the exciton-photon coupling, and m c is the cavity photon effective mass. Without any loss of generality we can choose the pump wave-vector to be along the x direction i.e. k p = (k p , 0). Unless stated otherwise, we use k p = (1.4, 0), resonant to the lower polariton dispersion with ω p = ω lp (k p ) = −0.42, in dimensionless units where ω x = 0.
A. Single mode description and estimate of the signal momentum
The first step in the theoretical analysis of the OPO transition is to determine the mean field solution assuming that only one mode, coinciding with the pump energy and momentum, is occupied. 4, 10, 11 This means using the following ansatz
In the lower polariton model, the mean field occupation of the pump mode and the eigenvalues of the linear response matrix can be calculated exactly. 4, 10, 11 Substituting Eq. (2) into the cGPE Eq. (1) and considering the mean field steady state i∂ t ψ = 0 gives
where
kp . Thus, the mean field occupation in the pump mode (n p = |P | 2 ) becomes
The mean field already gives some information about the expected behaviour: |F p | 2 is cubic in n p which can lead to bistable behaviour under certain pumping parameters. The critical quantity is the detuning of the pump away from the lower polariton dispersion: if ω p − ω lp (k p ) > √ 3κ lp , the pump mode is bistable. 4, 10, 11, 17, 18 However, in this work we do not consider the bistable regime but restrict ourselves to the optical limiter regime, with a monotonic relation between the pump strength and the polariton occupation |ψ| 2 . The next step is to perform a linear response analysis (linear Bogoluibov-like theory) 4, 13 by expanding in fluctuations around the pump mode, which means using a new ansatz: 4,10,11,13
where ω is the energy and δk the momentum of the fluctuations. The linear response matrix L is formed by keeping only terms that are linear in fluctuations to give:
2,5,11,13
The matrix L satisfies:
where ∆Ψ is a vector of the fluctuations and ω(k) are the complex eigenvalues, the real parts of which give the spectra of the excitations, (ω), while the imaginary parts give the regions of instability, (ω) > 0. 4, 10, 11, 15, 19 The eigenvalues of Eq. (3), are:
11,14
with α ± defined in Eq. (4) . If the discriminant in Eq. (5) is positive, then the two eigenvalues have a common imaginary part, (ω ± ) = −κ lp , and the pump-only state is stable. When the discriminant is negative, the imaginary parts of the eigenvalues differ and it is possible to find the location of the maximum of (ω + ). This can become positive leading to instability towards some new solution, the simplest of which is the three-mode OPO state.
4,11
In Fig. 1 we plot (ω + ) [Eq. (5)] as a function of the pump strength F p and momentum along the x direction of the considered excitation. The blue line in Fig 1 indi- cates the contour on which (ω + ) changes sign; i.e. the region inside is where this pump-only solution is unstable. The momentum at which (ω + ) has a maximum positive value (we call it k m s ) for a given pump power is marked by the yellow dotted line and overlaid to highlight where the maxima lie in relation to the borders of the unstable region. At very weak pumping, the k m s values form a ring in momentum space, an example of which is shown in Fig. 2. This appears as two branches in Fig. 1 that indicate the k x values at which the ring at each F p crosses k y = 0. As the pump strength is increased, the maximum value of (ω + ) increases and then decreases to again become negative. There is an intermediate pump strength at which the ring of k values approach this 'coalescence' point evenly. This coalescence point occurs at comparatively weak pumping, in the centre of the unstable region, but before the imaginary part reaches its maximum value. Once there is a single k m s , its value is constant until the discriminant of Eq. (5) becomes positive, after the pump mode becomes stable again.
B. Three-mode approximation
To describe the OPO regime, which may occur inside the blue contour in Fig 1, the simplest ansatz consists of three modes ψ = ψ s + ψ p + ψ i , the signal, pump and idler respectively, with each mode being a plane wave with amplitude M :
We substitute this into the lower polariton cGPE [Eq.
(1)]. 10, 11, 15 Some of the interaction terms introduce modes outside of the three-mode ansatz; these are discarded by requiring energy and momentum conservation within the OPO modes. This leads to three coupled cGPEs, one for each of the signal, pump and idler modes. Considering the steady-state with ∂ t P = ∂ t S = ∂ t I = 0 gives three complex equations 10,14,15
2 ) and the external pump f p = F p e −iωpt δ k,kp , with the redefinition X p F p → F p . Note that the above set of equations is invariant under a global U(1) phase rotation of the form:
The U(1) symmetry can be broken spontaneously, and is responsible for the existence of a gapless phase mode above the OPO threshold, leading to interesting universal critical phenomena such as long-distance coherence 19 and superfluidity. 8 The U(1) symmetry allows us to freely choose the phase of one of the fields. Specifically, we chose the signal S to be real. We are, however, still left with seven unknowns: the three amplitudes |S|, |P |, |I|, the two remaining phases, the energy ω s and momentum k s of the signal mode (the idler mode is linked to the signal via energy and momentum conservation 2ω p = ω s +ω i and 2k p = k s + k i ). With six real constraints given by Eqs. (6)- (8) there remains one unknown not set by the three-mode mean field conditions. This is often chosen to be the signal momentum, k s . The main purpose of this work is to provide a method by which we can estimate the k s that would be chosen by a real physical system, for example the one which occurs in the numerical solution of the full multimode problem.
The three-mode description of the polariton OPO regime gives a finite signal mode occupation n s for a wide range of k s and F p , corresponding to the momenta and pump strengths at which the single mode description is unstable. Therefore, for each signal momentum, k s , and pump strength, F p , we ask two questions: i) whether the OPO regime exists (non-zero n s ) and ii) whether it is stable to fluctuations in k x and k y (all imaginary parts of the eigenvalues ≤ 0), since the existence of a mean field solution does not imply its stability.
10,11,14
The stability of the OPO state for a given pump strength and k s is considered through linear response analysis:
10,14,15
with the sub-matrices
δ m+n,r+t gψ r ψ t , where n, m, r, t = 1, 2, 3 = s, p, i. There are six eigenvalues, three of which have imaginary parts that are always less than −κ, and three of which have imaginary parts that may become positive. The phase diagram in Fig. 3 shows the three types of behaviour that occur: stable single mode solution and no possibility for OPO (white region); both single and three-mode solutions being unstable (yellow region); stable three-mode OPO ansatz (turquoise regions). 20 We observe that at low pump strengths, three-mode OPO is stable for a range of k s on the side towards the pump. As the pumping is increased, this region narrows slightly and moves towards k s = 0. Further increase of the pumping leads to a region where three-mode OPO is unstable for all k s for which it exists. At the highest pump strengths, there is again a region where three-mode OPO is stable. This is centred on a small positive k s and includes k s = 0. Only at the highest pump strengths does the k m s from the single mode linear response analysis lie consistently within the region of stable three-mode OPO. The green crosses in Fig 3 are the k x values of the most occupied modes from the numerical integration of the cGPE and are discussed fully in section III.
In Fig. 4 we plot two examples of the largest imaginary part of the eigenvalues of the linear response for specific unstable configurations of the three-mode ansatz, with the signal momentum k s = 0. These two examples highlight that the three-mode description may be stable to fluctuations along the line k y = 0 but show instabilities at finite k y = 0. We observe different structures in the momentum fluctuation along the full phase diagram of the three-mode ansatz, some of which are quite complex.
16

III. NUMERICAL SOLUTION OF THE MULTIMODE POLARITON FIELD
So far, the results presented have been obtained by considering a single mode or a three-mode ansatz for the polariton field. However, as highlighted by the large yellow regions in Fig. 3 , a complete description of the system requires the consideration of solutions beyond the three-mode ansatz, since the three-mode description of the OPO regime only gives stable solutions for a small part of the full OPO region. In this section we consider the multimode scenario by numerically integrating the non-linear dynamical equation of the lower polariton field given by Eq. (1) in 2D real-space r = (x, y) and with a momentum-independent polariton-polariton interaction. Further, we describe the polariton field through a stochastic complex Gross-Pitaevskii equation (scGPE), which can be obtained from the mapping of the Fokker-Planck equation of the time-evolution of the quasi-probability function onto a Langevin equation on a grid with lattice spacing a; provided g X /(κ lp dV ) 1,
21
where dV = a 2 , the volume element of the considered lattice, controls the truncation condition of the Wigner representation.
The scGPE for the lower polariton field in real-space reads:
where the complex valued, zero-mean, white Wiener noise dW fulfils dW * (r, t)dW (r , t) = 1 dV δ r,r dt, the external drive f p = F p e i(kp·r−ωpt) and the operatorĤ M F abbreviateŝ
We consider a constant interaction g X and |ψ(r)|
A. Mean field polariton distributions
First, we consider the mean field solution of the multimode and non-linear problem, by integrating Eq.(9) in time with the Wiener noise term dW set to zero and replacing |ψ(r)| 2 − by |ψ(r)| 2 . In both this model and later in the exciton-photon model, numerical integration is performed using the XMDS2 package 22 and either an adaptive step size Runga-Kutta algorithm (for mean field numerics), or a fixed step size semi-implicit algorithm with 5 iterations (for stochastic numerics) on a 256 × 256 lattice for a plane-wave external pump. In all the numerical results reported here, we consider Rabi splitting Ω R = 4.4meV and a cavity photon mass m c = 2.3 × 10 −5 m e , as appropriate for typical experimental systems. 23 We identify the OPO regime by finding a significant occupation of the signal mode, i.e. |ψ s | 2 > 10 4 , where the ψ s is the signal field at some k x < k p . In Fig. 5 we show the signal density as a function of the pump strength, on both linear and logarithmic scales, where it can be seen that OPO appears for a range of pump strengths F on ≤ F p ≤ F off .
The system in the steady-state exhibits two distinct behaviours. First, we observe that for certain values of F p , the full multimode polariton field in the steady-state conforms to the three-mode description, since we see the appearance of three significantly occupied modes at three distinct values of k x (signal k x < k p , pump k x = k p , and idler k x > k p , respectively), with occupations orders of magnitude larger than any modes appearing at other momenta. In Fig. 6 we plot several examples of the multimode non-linear mean field solution with three distinct peaks, specifically for F p = 0.025, 0.034, 0.050. In agreement with the linear stability analysis in the previous section, these pump strengths support a stable threemode ansatz solution at the mean field level, as can be seen in Fig. 3 . In contrast, at very low and intermediate pump strengths, the steady-state solutions for the field cannot be described by a three-mode configuration due to the appearance of a high number of significantly occupied states, beyond the three-mode ansatz (see Fig.  6 ). These regions in pump strength coincide with the unstable three-mode ansatz shown in Fig. 3 . 
B. Beyond the mean field level
Due to the pumping scheme acting in the x direction, the steady-state field configurations presented in the previous section show zero density for modes with k y = 0, since there is no mechanism to excite these modes at the mean field level. An additional numerical study including fluctuations is therefore required to capture all the details of the system, particularly its behaviour in both the k x and k y directions, which is the topic of the present section. We present results for the full multimode nonlinear problem with quantum fluctuations described by the stochastic equation given in Eq (9), which provides a more complete description of the system than the mean field analysis.
In Fig. 7 we plot the density of the polariton field in 2D momentum space for different values of external drive, F p , within the OPO region. Fig. 8 gives a comparison between these results and the linear response analysis shown previously. The colour map for the left column of Fig. 7 has been truncated to between 10 0 and 10 5 to increase the visibility of the main features. As shown in the right column, the main peaks actually have densities above 10 5 for most values of F p .
We highlight that the steady-state polariton field, considering quantum fluctuations, shows four different regimes depending on the strength of the external pump, which we now describe in order of decreasing pump strength from the upper threshold. First, we observe that at high pump strengths, i.e. close to the upper threshold, the polariton field has a density distribution in momentum space with three different significantly occupied modes, the signal, pump and idler (see Fig. 7 g) as an example). This regime coincides in pump strength with the region of stable three-mode mean field ansatz near the upper threshold (turquoise region at high F p in Fig. 8) . Additionally, as seen in Fig. 8 , for these high pump strengths the momentum of the signal mode agrees quite well with that found by considering where the single mode description is most unstable (i.e. k s = k m s ). On decreasing the pump strength, we enter a range of pump strengths where the three-mode description of the polariton field fails in almost all cases, as indicated by the green dotted lines in Fig. 8 . This is due to the appearance of multiple peaks of the same order of magnitude in density, for both the signal (k x < k p ) and idler (k x > k p ) fields, meaning that a single specific value of k s cannot be defined here. Additional modes beyond the three-mode description, which are often referred to as satellites, 10 can become populated by further scattering channels, where signal or idler polaritons scatter from each other or from those in the pump mode.
12,24 The three-mode description fails here since some of the satellites become comparable in size to the expected signal and idler modes. An example of this behaviour is shown in Fig. 7 f) . Notably, the range of pump strengths at which we observe such solutions corresponds to the range for which the three-mode mean field ansatz has no stable solutions.
At intermediate to low values of external pump, we observe that the signal and idler fields again develop single sharp maxima at specific values of momentum, allowing a description in terms of three modes, although the chosen k s is not always within the region where the three-mode mean field ansatz is stable. Examples of this are shown in panels c), d) and e) of Fig. 7 . In these cases satellite states are still visible on the logarithmic scale, but are at least an order of magnitude smaller than the signal and idler.
At very low pump strengths (F p < 0.02), the threemode description once again fails, and we instead see the signal and idler fields having multiple maxima distributed around a ring in momentum space. At the higher of these F p , the main maxima still occur along k y = 0, but at lower pump strengths maxima at k y = 0 become the most relevant as shown in Fig. 7 b) . Very close to the lower threshold, Fig. 7 a) F p = 0.0135, the distinct maxima give way to a nearly uniform density for states on the rings. We note that the size of these rings matches almost exactly with the rings of k m s from the linear stability analysis at the same pump strengths (e.g. Fig. 2 ). Such rings have previously been observed by considering the luminescence of the field at the OPO lower threshold.
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IV. EXCITON-PHOTON MODEL
In this section we extend our study by considering the exciton-photon model, which describes the polariton system in terms of the constituent fields 2, 4, 8, 27 (with = 1):
wherê
Here ψ x and ψ c are the exciton and photon fields respectively, we assume a constant exciton-exciton interaction g x , 4, 5, 28 and ω x , ω c correspond to the dispersion relations of the exciton and photon fields respectively. 28, 29 Since the exciton mass is much larger than the cavity photon mass, its dispersion is considered to be flat. 28, 30, 31 The exciton and photon decay rates are given by κ x , κ c respectively and are considered to be equal in all calculations, with values κ x = κ c = 1/τ c ≈ 0.045, where τ c ≈ 5.8 ps. We use Ω R = 4.4 meV and g X = 0.002 meVµm 2 . The external pump f c is again a plane wave of the form F p e −iωpt δ k,kp . The numerical integration runs to 72 ns in all cases.
First we consider the steady-state mean field solution for a single mode (plane wave ansatz) for both the exciton and the photon fields, which coincides with the pump energy and momentum, i.e. ψ c (r) = P c e −iωpt−ikpr , ψ x (r) = P x e −iωpt−ikpr . We substitute those expressions into the Eq. (11), and, after rearranging, obtain
2 )P x from the first line. So, although the external pump is written in terms of both P c and P x , P c can be eliminated and the exciton occupation found directly from
4 Adding fluctuations on top of both the exciton and photon fields, leads to the linear response matrix:
with
The eigenvalues of Eq. (12) are calculated numerically and the maximum value of the imaginary part at each pump strength extracted as in section II A.
A. Stability analysis and mean field numerics
First, taking k p = 1.4 (in dimensionless units) and considering the pump tuned resonantly to the lower polariton dispersion, we can see in Fig. 9 qualitatively similar behaviour to that described using the simplified lower polariton model over much of the OPO regime. At higher pump strengths, there is a single k s value, k s ≈ 0.1, over a significant range of pump strengths. At lower pump powers the system exhibits two distinct values of k s in the k y = 0 plane, appearing both in the numerics and the stability analysis. In contrast to the lower polariton model, the approach to the coalescence point is abrupt. This is the result of the dip between the two peaks disappearing as shown in Fig. 10. B. Changing the pump properties.
In this section we study the behaviour of k m s obtained from the stability analysis when changing the detuning ∆ ≡ ω p − ω lp and the momentum k p of the external pump. Firstly, in the left hand side of Fig. 11 , we plot the various thresholds that we have been interested in for a range of pump momenta. We see that all thresholds increase with k p . 16 In the right hand panel of Fig.  11 , we show that changing the detuning of the pump in either direction has no noticeable effect on the value of k s for a given k p . The signal momentum decreases with increasing k p (see Fig. 12 ), however, the change in k s is small compared to the corresponding change in k p . The independence of k s on the detuning is consistent with experiments, while the variation in signal momentum is probably too small to be observed in current experiments. 32 We also investigate the behaviour of the signal energy (the real part of the eigenvalue of the linear response matrix at k s ) as a function of the external pump momentum, k p , at ∆ = +0.05 (see Fig. 12 ). We observe that the signal energy is monotonically increasing with k p , consistent with experiments.
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V. CONCLUSIONS
In this work we have investigated the rich phenomenology of the signal state in the parametrically driven polariton system. In particular, we focused on determining in which regime the commonly used three mode OPO description is valid, and whether we can predict the signal momentum from a simple stability analysis and without the need to resort to the full solution of non-linear multimode equations.
Our non-linear stochastic simulations of the polariton OPO show behaviours at different pump strengths that can be classified into four cases i) three-mode solutions near the upper threshold, ii) several modes solutions (large satellites in addition to the signal, pump and idler modes) at higher intermediate pump strengths, iii) approximately three-mode solutions at lower intermediate pump strengths (small satellites), and iv) rings near the lower threshold. The three-mode ansatz is a good approximation in cases i) and iii) but cannot represent the form of the OPO seen in cases ii) and iv) well.
Our study of the momentum of the most unstable eigenvalues from the linear response analysis of the pump-only case (k m s ), compared with the k s chosen by the system described by the full multimode non-linear stochastic equations, shows that linear response analysis provides a good estimate for both the k s value chosen near the upper threshold (i) and the size of the rings that occur near the lower threshold (iv), but is less useful for intermediate pump powers. We extended our study using the more complete exciton-photon model, and find that similar conclusions hold.
Finally, we have shown that the signal momentum does not depend on the detuning and varies little with the pump momentum, while the signal energy increases with the pump energy and momentum in agreement with previous experiments.
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